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We solve vacuum Einstein's field equations with the cosmological constant in space-times admitting 3- 
parameter group of isometries with 2-dimensional space-like orbits. The general exact solutions, which are 
represented in the advanced and retarded null coordinates, have two arbitrary functions due to the freedom of 
choosing null coordinates. In the thin-wall approximation, the Israel's junction conditions yield one constraint 
equation on these two functions in spherical, planar, and hyperbolic domain wall space-times with reflection 
symmetry. The remain freedom of choosing coordinates are completely fixed by requiring that when surface 
energy density ao of domain walls vanishes, the metric solutions will return to some well-known solutions. It 
leads us to find a planar domain wall solution, which is conformally flat, in the de Sitter universe. 

PACS numbers: 02.40.Ky, 04.20.Jb, 98.80.Cq 



I. INTRODUCTION 

Inflationary Universe was originally proposed to solve hori- 
zon and flatness problems in the hot big-bang cosmological 
model iHl. From the discovery of the cosmic microwave 
background (CMB) anisotropy, the idea of cosmological in- 
flation becomes more convincible and it serves as the initial 
conditions for the subsequent hot big bang. Most of popular 
inflation models are described by scalar fields, called infla- 
ton fields, with their effective potentials Although there 
still lacks a fundamental theory to explain the origin of infla- 
tion, some effective theories reveal that inflation may naturally 
happen due to the spontaneous symmetry breaking and phase 
transitions in the early Universe yfl . 

When a phase transition occurred in the early Universe, var- 
ious types of topological defects, which are classified by ho- 
motopy groups, can form in the vacuum manifold and this 
phenomenon is known as the Kibble mechanism |4]. There- 
fore domain walls, which are a particular type of the topolog- 
ical defects, correspond to vacuumlike hypersurfaces interpo- 
lating between separate vacua. Beside the Kibble mechanism, 
domain walls can also form by quantum tunneling process of 
false vacuum decay, i.e. bubble nucleation ||5||, or quantum 
production of topological defects in de Sitter space |0] (see 
101 for a review of domain walls). Ref. has showed that 
the topological defects can be continuously formed during in- 
flation and still be present after inflation with appreciable den- 
sities. Hence it motivates us to study the gravitational effects 
of domain walls in the de Sitter Universe. 

Since we are only interested in the macroscopic effects of 
domain walls, it is sufficient to study the domain wall space- 
times in the thin-wall approximation, where the wall is re- 
garded as an infinitely thin, with (5-function singularity in the 
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energy-momentum tensor. Therefore gravitational effects of 
domain walls are described by Einstein's field equations off 
the wall together with Israel's junction conditions |8;]. As far 
as we know, domain wall solutions have been studied based 
on two different approaches. The first approach starts from 
exact solutions of Einstein's field equations off the wall in the 
specific coordinates, and then the wall's motion in the same 
coordinates is described by Israel junction conditions. The 
second approach is to introduce the co-moving coordinates, 
where the wall is placed at a particular constant coordinate 
variable, say z = 0, and then the exact solutions of Einstein's 
field equations off the wall are obtained in the co-moving co- 
ordinates. 

Cvetic et at ^ studied the local and global properties of 
domain wall space-time with the cosmological constant A in 
the co-moving coordinates. They found domain wall solutions 
based on three assumptions. The first one assumed that the 
two-dimensional spatial sections V2 of space-times "parallel" 
to the wall are homogeneous and isotropic. It corresponds to 
space-times admitting 3-parameter group of isometries with 
2-dimensional space-like orbits, i.e. V2 are 2-dimensional 
spheres, planes, or hyperboloids fiol [Till . The second one 
assumed that the space-time section orthogonal to the wall, 
say (t, z)-plane, is static. It means that the metric components 
gtt and g^z are t-independent. The third assumption required 
that the directions parallel to the wall are boost invariant, i.e. 
extrinsic curvature of constant-z hypersurfaces is boost invari- 
ant. It yields that the metric function intrinsic to V2 are sep- 
arable. It seems to us that the second and third assumptions 
are not satisfactory since they may eliminate some interesting 
domain wall solutions. For example, our planar domain wall 
solutions in the de Sitter Universe, which are obtained in Sec. 
IIV BK see (|66]|). is conformally flat and will return to the met- 
ric of the de Sitter Universe when surface energy density of 
the domain wall vanishes. The solution ( |66] | cannot be found 
in Jgtl since it does not satisfy the second and third assump- 
tions. 

In this paper, we release the last two assumptions in jst] and 
find the general solutions of Einstein's field equations with 
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A in the double-null coordinates. Solving Einstein's equa- 
tions in null coordinates has been used to find Schwartschild 
and Reissner-Nordstrom solutions in lfl2ll . Since the non- 
degenerate general solutions contain two arbitrary functions 
F{v) and G{u) due to the freedom of the null-coordinate 
choices, the Israel's junction conditions yield one constraint 
equation on these two functions, where the domain wall is 
placed at a constant-z hypersurface. 

From the generalized Birkhoff theorem ifiol [Till , one can 
find a coordinate transformation (see Eq. (l35T l) to make our 
non-degenerate solutions become 

g^-U{R)dT®dT+--^dR®dR + R^dV2, (1) 
U(R) 

where U{R) = K - 2M/R - (A/3)i?2 and dV2 = (1 - 
Kr^)~^dr ^ dr + r^d(p ^ dcj). It is clear that the metric 
([TJ is static in the certain range of coordinates. Moreover, it 
turns out that the domain wall, which is originally sitting at a 
constant-z hypersurface, becomes moving in the coordinates 
(T, R, r, (f>). So one may expect that a domain wall solution 
in the co-moving coordinates is locally equivalent to a mov- 
ing wall embedding in a spacetime with metric (HJ.' Here, we 
call these two different approaches the comoving-coordiante 
approach and the moving-wall approach. The equivalence of 
these two approaches has been demonstrated by Bowcock et 
al ifisi [Till .^. so there exists coordinate transformations be- 
tween these two approaches. Having shown this equivalence 
Bowcock et al solved Israel's junction conditions to find the 
most general brane-universe solutions based on the moving- 
wall approach. In the study of brane cosmologies, it is more 
suitable to use the moving-wall approach. 

In this paper, we solve Israel's junction conditions and 
find the general domain-wall solutions in the comoving- 
coordinate approach. We will show that the domain-wall so- 
lutions in the comoving-coordinates approach are more use- 
ful to study gravitational perturbations and quantum fluctua- 
tions than moving-wall approach, which is normally adopted 
to study the dynamics of brane-universe. It is known that a 
proper coordinate choice can largely simplify physical prob- 
lems and equations. For example, when one studies metric 
perturbations in a specific background spacetime, a proper 
choice of background coordinates is important since it may 
largely simplify perturbed equations or make these equations 
solvable. Moreover, when we study quantum fluctuations in 
curved spacetime, the coordinate choices become significant 
since there is no coordinate-invariant definition of the vacuum 
state, i.e. the vacuum state is observer dependent fisil . In the 
comoving-coordinate approach, the Israel's junction condi- 
tions only fix one freedom of double-null coordinate choices, 
so the remain freedom can be used to further simplify our 
domain-wall solutions or to avoid coordinate singularities ap- 
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peared in metric solutions. However, in the moving-wall ap- 
proach, the meric solutions outside the wall are fixed in the 
static form, i.e. Eq. ([T]), which have coordinate singularities 
at some finite values of R, and the Israel's junction conditions 
will completely determined the trajectories of walls. In this 
work, we propose a reasonable way to fix the remain coordi- 
nate freedom by requiring that when surface energy density 
(To of domain walls vanishes, the metric solutions will return 
to some well-known solutions. For example, when ctq = 0, 
planar domain wall solutions with M = and A > (see 
(|66] |) will return to de Sitter Universe in conformal-time co- 
ordinates, where the quantum fluctuations have been largely 
studied. So the domain-wall effects on primordial quantum 
fluctuations in early Universe may clearly be seen by study- 
ing quantum fluctuations in the solution (|66] |. 

The plan of this paper is as follows. In Sec. HIl we briefly 
review the thin-wall approximation and Israel's formalism in 
the covariant approach. Sec. |III]presents general solutions of 
Einstein's field equations with A in space-times admitting 3- 
parameter group of isometrics with 2-dimensional space-like 
orbits. The general non-degenerate solutions have F{v), G{u) 
and three parameters: 2-dimensional constant curvature K, 
gravitational mass M, and A. We also show that the solutions 
will return to some well-known exact solutions in specific co- 
ordinates by choosing F and G. In Sec. |IV] we limit our 
discussion in space-time being reflection symmetry with re- 
spect to the wall, and the Israel's junction conditions require 
F and G satisfying an algebraic equation. Sec. IIV Al discusses 
spherical and hyperbolic domain walls with M = in the de 
Sitter Universe. In Sec. IIVBI we present a planar domain 
wall solution, which is conformally flat, in the de Sitter Uni- 
verse. When surface energy of the domain wall vanishes, the 
solution returns to de Sitter metric in the conformal time. 

We use the units h = c = 1, and the metric signature is 
( — h ++). The Latin indices a,b, - ■ ■ are referred to coordi- 
nate indices and the Greek indices a, /3,j ■ ■ ■ referred to or- 
thonormal frame indices, g and V denote metric tensor and 
Levi-Civita connection, respectively. 



n. THE THIN- WALL APPROXIMATION 

In the thin-wall approximation, the thickness e of a thin 
wall is taken to be zero, so the infinitely thin wall becomes a 
3-dimensional timelike, null or spacelike hypersurface S in 4- 
dimensional space-times, and its associated stress-energy ten- 
sor T^b of the space-times has a (5-function singularity on S. 
Here, we will assume S to be a 3-dimensional timelike hyper- 
surface for our current interest. From Einstein's field equa- 
tions and the singular property of T'^b, it turns out that the 
extrinsic curvature TVab of S has a jump discontinuity across 
S and its discontinuity is naturally related to surface stress- 
energy distribution of matter fields on S ll8l [l6ll . 
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A. Israel's Junction conditions 

Since E is a 3-dimensional timelike hypersurface, one may 
first introduce its unit spacelike normal 7i satisfying g{Ti, n) = 
1, and the intrinsic metric h of S is then given by 

h = g — h ® 

where n = g{n, — ) is the metric dual of n. So the extrinsic 
curvature iTab of S is defined by 

TTab ~ ■^{Cnh)ab\s, (2) 

where £„ denotes the Lie derivative along the unit normal n, 
and h is any extension of /i to a neighborhood of S. Because 
of the discontinuity of iTab across S, it is convenient to intro- 
duce the notation iTab | ±, where the subscripts ± refer to values 
just off the surface on the side determined by the direction of 
±n. In 10], it showed that 

lab = ■^ab\+ - TTabl- = ~K{Sab - -jhabSf) (3) 

in the thin-wall limit e — > 0, where k, = SttGjv and Sab = 
lim^^o /o" Tab denotes surface stress-energy tensor. Here 
I is the proper distance through E in the direction of n. Eq. 
is normally called Israel's junction conditions. It is worth 
to point out that Eq. Q is also valid when we include the 
cosmological constant A in Einstein's field equations. One 
may further impose the space-time geometry being reflection 
symmetric with respect to E, which will be considered in Sec. 
HV] and it yields 7ra6|+ = -TTahl-. 

B. The surface stress-energy tensor 

The surface stress-energy tensor S ~ Sab dx° (K) dx^ is usu- 
ally assumed to have the following perfect-fluid form 

S = {g - t)u®u- Th, (4) 

where a and t denotes surface energy density and tension of 
E, respectively, u = — ) is the intrinsic metric dual of the 
unit timelike vector field u, which lies within E. It is known 
that dynamics of S can be determined by Eq. (O, Einstein's 
field equations and the Gauss-Codazzi equations in the thin- 
wall approximation lUKl^. In particular, one of the Gauss- 
Codazzi equation yields the conservation equation of S, which 
is 

D- S = {a - t)DuU + uD-[{a- t)u] - dr = 0, (5) 

where D is the 3-dimensional intrinsic covariant derivative on 
E satisfying Dh = and torsion-free condition. D ■ denotes 
the divergence. In terms of coordinate components, it is easy 
to show that, for any tensor field T on E, 

DaT'' -'d...e = ha^h^'' ■ ■ ■ • • • /le'VpT'' ■ , (6) 

where T is any extension of T to a neighborhood of E. 



For dust walls, i.e. t = 0, Eq. Q yields that the world 
lines of u are geodesies and the surface energy density is con- 
served, which is D ■ (au) ~ 0. For domain walls, i.e. r = cr, 
we simply obtain da = 0, which means that a = (Jq is a con- 
stant on E. In the following discussion (see Sec. llVb . we will 
only concentrate on domain wall space-times with reflection 
symmetry, so Eq. ([3]) becomes 

lab = 27rab|+ = —2nab\- ~ ^ hab- (7) 

Therefore the reflection symmetric domain-wall space-time 
will be described by vacuum solutions of Einstein's field equa- 
tions with the cosmological constant off E and Eq. (|7]l. 

III. SPACE-TIMES ADMITTING 3-PARAMETER GROUP 
OF ISOMETRIES 

It is still a great challenge for mathematicians and physi- 
cists to find an exact solution of Einstein's field equations 
without assuming any symmetry of space-time. Most of the 
well-known exact solutions are found in spaces of high sym- 
metry, so the group of isometries becomes a useful method 
to classify and also to find exact solutions ifioll . In Sec. |IV] 
we will consider that the domain wall is homogeneous and 
isotropic in its two space dimensions, so it leads us to as- 
sume that the 4-dimensional space-time geometry induced 
by the domain wall source has the same symmetric property, 
i.e. 2-dimensional spatial sections V2 parallel to the wall are 
homogeneous and isotropic This assumption of space- 
time symmetry may correspond to space-times admitting 3- 
parameter group of isometries with 2-dimensional spacelike 
orbits, denoted by 6*3(2, s). In this section we shall solve the 
vacuum Einstein's field equations with cosmological constant 
off E under 63(2,5). 

It is known that a n-dimensional Riemannian space Vn 
admitting Gg, where q = n{n+ l)/2, is a space of con- 
stant curvature ifioll . Hence the orbits V2 of £'3(2,5) must 
have constant Gaussian curvature K, and correspond to 2- 
dimensional spheres {K > 0), planes {K = 0), or hyper- 
boloids {K < 0). Moreover, it is always possible to intro- 
duce coordinates {t, z,r, d>) such that the metric tensor g with 
63(2, 5) has the form 

g = e^''^*'^) {-dt (g)dt + dz(g) dz) + e^^^^'^'^ dV^, (8) 

where dV2 = (1 — Kr^Y^dr ® dr + r^dcj) (g) dcf). By 
rescaling e^^, one can normalize the constant curvature to be 
K — 4-1,0,-1. It is clear that the two space dimensions of E 
is placed at t, z=constant. In 19], its metric ansatz yields 

g = e^"^'-^ (-dt (»dt + dz® dz) + e2["(*)+'3(^)]dl^2, (9) 

which is only a special form of the metric (|8]l. We shall stress 
again that the general exact solutions of i'{t, z) and A(t, z) 
obtained in this section will only be valid off E. 
We first introduce the Einstein's 3-forms ifisll 

G^ = i?a;3A*(e"Ae^Ae^), (10) 
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where Rap are curvature 2-forms defined in terms of Levi- 
Civita connection V, e" are orthonormal co-frames, and * de- 
notes the Hodge map associated with g. So Einstein's equa- 
tions with A are 



G,, 



-2k + 2A * e^, 



(11) 



where are stress-energy 3-forms of matter fields. Since 
we are only interested in vacuum solutions of Eq. (fTTT i. 
will be assumed to vanish in the following calculation. By 
substituting the metric (O into vacuum Eq. ( fTTT ) yields 

AA'-i>A' + A'-i^'A = 0,(12) 
e-^^iX"^ _ 3y2 _ + 2X0 + 2X'v') + e-^^K = A, (13) 
e-2^(3A2 - A'^ + 2A - 2A;> - 2AV') + e-^^K = A, (14) 
{i>-u" + X- X" + }? - A'') = A,(15) 



-2i> 



where dots and primes here and in the following denote the 
differentiation with respect to t and z, respectively. These 
four non-linear partial differential equations, Eqs. (fT2b-(fT5b. 
are difficult to find an analytic nontrivial solution due to their 
highly coupling. However, they can be largely simplified by 
introducing advanced and retarded null coordinates u, v de- 
fined by M = ^{t + z), V = i(t — z). A similar procedure 
has been used to find Schwartzschild and Reissner-Nordstrom 
solutions and their maximally analytic extensions. lfl2ll . 
It is convenient to set 

A{t, z) = e^'', z) = e^^, (16) 

where A > 0, so the metric ([8]) becomes 

g = A{t, z){-At (g) dt + dz (g) Az) + B^{t, z)dV2. (17) 

By transforming {t, z) coordinate variables to the null coor- 
dinates {u,v), Eqs. (fT2b-(fT5]l with some Unear combination 
yield 

AB^uu - A^uB^u = 0, (18) 
AS ™ - A,,B „ = 0, (19) 
BB^uv + B^uB^y + AK = AAB^, (20) 
B{\nA),uv + 2B,uv = 2AAB, (21) 

where a subscript comma denotes partial differentiation with 
respect to the coordinates following it. It turns out that Eqs. 
(fr8ll- (l2Tl i become much simpler and solvable. If we put K = 
1 and A = 0, Eqs. ([T8]l-(|2B agree with Eqs. (31)-(34) in Sec. 

From Eqs. ( fTsT i and (T9[ . we observe that there exists 
degenerate non-trivial solutions in the case of or _B,„ 
vanishing. Hence it is better to study the degenerate and 
non-degenerate solutions separately. In the special case of 
K = A ^ 0, i.e. plane symmetry, the degenerate and non- 
degenerate solutions have been studied in iflalTgll . where lfl6ll 
called them class-I and class-II solutions, respectively. 



^ we shall point out the metric signature (+, 
ent from ours. 



-) used in (U is differ- 



A. The degenerate case: = or — (but not both) 

Since Eqs. (fT8]l-(l2ni are invaraint under switching the co- 
ordiante variables u and v, it is only necessary to study either 
B,u = or B y ~ 0. Suppose B,u — and B^y ^ 0, i.e. 
B = B[v). Then Eq. ( fTSl ) are trivial satisfying and Eq. ( l20b 
yields 



7 K 
B = — = const. ^ 0, 



(22) 



where K,A ^ 0. It is clear that both i? „ and i? „ vanish, 
which gives a trivial solution. So the case of if, A 7^ does 
not give a degenerate non-trivial solution, and we will not pro- 
ceed our discussion in this case further 

For K ~ 0, i.e. plane symmetry, Eq. ( |20l i yields A = 
since A and B cannot vanish. It means that the non-trivial 
degenerate solutions with plane symmetry cannot allow the 
non-vanishing cosmological constant. Then we expect to re- 
cover the class-I solutions in lfT6ll . One may first solve Eq. 
( fT9] l to yield A = G{u)B,y, where G is an arbitrary func- 
tion of 7i, and the Eq. ( 1211 1 becomes trivial satisfying. So this 
solution does return to class-I solutions of |fl6ll. It is worth 
to mention that the planar domain-wall solutions obtained in 
lfT6[ I20I1 have the class-I solutions outside the wall. 



B. The non-degenerate case: B,„ / and / 
In this case, Eq. ( fTSl l and Eq. ( fT9l ) yield 



A{u,v)^ F{v)B^u. 
A{u,v) = G{u) B,y, 



(23) 
(24) 



respectively, where F{v) 7^ and G{u) 7^ are arbitrary 
functions of their arguments. Substituting Eq. ( |23] ) into Eq. 
( l20b gives 

{BB^y+KF{v)B -^F{v)B^)^u^G- (25) 



Hence, from Eq. (1251 1, we obtain 

S „ = -KF{v) 



B 



(26) 



where H{v) is an arbitrary function of v. A similar result 
can be obtained by substituting Eq. ( |24] | into Eq. ( |20l i. which 
yields 



-KG{u)+^-^ + ^G{u)B\ (27) 



where J{u) is an arbitrary function of u. Since Eqs. (|26]l-(|77l) 
possess some symmetry between u and v, we multiply Eqs. 
I and dZTb . and use Eqs.(l23]l-(|24]|. which gives 



-KA 



B 



B 



A 



-AB' 



(28) 



-KA+^B,y, + ^AB\ (29) 
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If { J(w), H{v)} ^ 0, Eqs. ^ and ^ yield 



Hiv) 
So we finally obtain 

J(u) 



Hiv) 



G{u) F{v) 



Gju) 
F{v)- 



2M, 



(30) 



(31) 



where M is a constant. By substituting Eqs. ( |23] |. (|27] | into 
Eq. (ISTT i and using Eqs. ( [2Ql ) and ( [3TT i. one can easily ver- 
ify that Eq. (l2Tl i is automatically satisfying. Therefore the 
general exact solution of Eqs. (fT8])-(l2T]) yields 



A 



-F{v)G{u) K 



2M 



A. 



(32) 



with B{u,v) satisfying 
dS = - ( A' - ^ - ^B^ ] (G(u) du + F{v) dv). (33) 



Also, the metric Eq. ([TtT i becomes 

, ^ , 2A/ A 



)dw + BMy2-(34) 



From the metric (l34l i. it is clear to see that the existence of the 
two arbitrary functions F{v) and G{u) is due to the freedom 
of choosing null coordinates u, v. Hence the different choices 
of F{v) and G{u) may correspond to the metric g in different 
null coordinates. According to the generalized Birkhoff theo- 
rem iflolfTlll . the metric ( l34b can actually be put into a static 
form (see Eq. ([1])) by introducing coordinates 



F{v)dv + / Giu)du, R = B. 



(35) 



In the following, we show that the metric ( l34l i will return to 
some well-known solutions in various different coordinates by 
choosing three parameters K, A, M, and two functions F{v), 
G{u). 

In the case of A' = 1 and A = 0, Eqs. (|32] l and ( |33] l yields 
the Schwartzschild solution obtained in ||l2ll . and M will be 
regarded as gravitational mass. Moreover, by setting 



. , 2M 
F{v) = 

V 



and 



U 



(36) 



we obtain the Schwartzschild solution in the Kruskal coordi- 
nates, which is the maximal extension of the Schwartzschild 
solution iH, llll]. If one further set v/u = e*/^*'', the 
metric ( |34] | will be transited to Schwartzschild coordinates 
{t, R, 6, (f>), which yields 

g = -h{R)dt ®dt + h{Ry^dR (g)dR + R^ drJa, (37) 

where B = R and h{R) = 1 - 2M / R. dOa = dO ® dO + 
SVC? 9 d(j)®d(j) denotes surface element of 2-spheres. It is clear 
that the coordinates [t, R) only cover the regions of both li, v 
being positive and negative in the (u, v)-plane. 



In the case of AT = A = 0, i.e. plane symmetry with van- 
ishing cosmological constant, it is not difficult to verify that 
Eqs. ( |32] | and ( l33T l give the class-II solutions of lfl6ll .'^ 

In the case of AT = 1, 7\/ = and A > 0, by setting 



^ ' V 4A w 



and GH = y^i, 



(38) 



we obtain the de Sitter metric in the Kruskal coordinates: 

12 1 . _ . 3 (™ + 1)2 
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A [uv - 1)2 



du® dv 



A {uv - 1)- 



■dVt2. (39) 



Its global properties have been discussed in 122 

Finally, we consider AT = i\/ = 0, which will be useful for 
cosmological models. Since K = AI = Q, Eq. ( |33] | gives 



_3 j_ 
KB 



G{u)du+ / F{v)dv 



(40) 



where c is a constant of integration, and the metric ( |34] | be- 
comes 



g = B^ \ -^F{v)G{u) du(g)dv + dXa 



(41) 



where dX2 = dx®dx+dy®dy. It is interesting to discuss the 
sign of F and G in the cases of A being positive or negative. 
For A > 0, the metric (|4T]) indicates that FG > 0. On the 
other hand, the metric (HTI) yields FG < in the case of 
A < 0. Since we are interested in the de Sitter Universe, we 
will only consider A > 0. 

It is clear that the metric (HTt is conformally flat if we sim- 
ply choose 



Fiv) = 
for A > 0, and Eq. yields 

B 



(42) 



(43) 



A (it + w — c) 
Furthermore, the metric ( |4TI ) becomes 

g = {~df](g)dr] + dz(S)dz + dX2), (44) 

3^ 

where r] = t + c. The metric (|44] | is a well-known solution 
of a flat expanding de Sitter Universe in the conformal time 
ll23ll . One can also realize that the metric f44[ is a background 
metric for describing a slow-roll inflation in the early Universe 

It is known that the metric solution (|34] l is only valid off the 
E. Hence a general solution of domain wall space-time should 
also need to satisfy the Israel's junction conditions. As we 



It should be noticed that the two arbitrary functions F and G in iTgl are 
different from ours. 



6 



mentioned in Sec. U the study of the domain wall space-times 
can be separated into two different approaches mainly due to 
the different choices of coordinates, namely moving-wall ap- 
proach and comoving-coordiante approach. The moving-wall 
approach is usually used to study the two space-times, M+ 
and A/_ with a common moving boundary S ifisi |24[ l26ll . 
In this approach, the metric solutions of and Af_ have 
the static form ([T]i, and it turns out that S is moving in this 
coordinate system. Therefore the Israel's Junction conditions 
become equations of motion for E. 

The comoving-coordinate approach is to introduce the co- 
moving coordinates of the wall system, i.e. the rest frame of 
the wall S 19fl. In the co-moving coordinates, the wall E is 
normally placed at a constant z-coordinate position, say z = 
0, so Israel's Junction conditions serve as boundary conditions 
of the metric solutions at z = 0. In Sec. IIVI we will adopt 
the second approach by considering a domain wall sitting at 
z = with space-time being reflection symmetry. It turns out 
that the Israel's junction condition, i.e. Eq. (|7]i, yields some 
constraints on F{v) and G{u) at z = 0, so F{v) and G{u) 
cannot be arbitrarily chosen. 



IV. DOMAIN WALL SPACE-TIMES 

In this section, we limit our discussion on reflection- 
symmetric domain wall space-times, so Israel's junction con- 
ditions yield Eq. (|7]i and constant surface energy density 
CT = r = (To- Since the metric solution ( l34b has a freedom 



of choosing double null coordinates {u,v), we may simply 
assume that E is placed at z = u — tj = 0. According to the 
reflection symmetry, it only needs to study the metric ( |34| ) at 
z > 0. Hence Eq. ^ may be considered as the boundary 
conditions of the metric ( l34b at z = 0. 

Since E is placed at z = 0, the unit normal n and unit time- 
like vector u in the coordinates it, z, r, (p) become 



1 



9., 



1 



du (45) 



where dt and dz denote the coordinate basis, and the intrinsic 
metric /i of E yields 



(46) 



By substituting ( |46] | into Eq. (|2| and using Eq. Q gives two 
non-vanishing equations 



^'1 



B'\ 



(47) 
(48) 



It is clear that Eqs. ( |47] i and ( |48] ) will give F{v) and G[u) fur- 
ther constraints, so F(y) and G(u) cannot be arbitrary func- 
tions. 

By substituting the solution ( |32] | into Eqs. ( l47b and (081) and 
using dSST l. a tedious but straightforward calculation yields 



J 



F^ 
' F 



G,u L u ^ L 
~G T~ 



2 = 

L(F-G%^, 



-naoV-FGL 

K(7q 



r 



-{BV-FGL) 



2=0 



(49) 
(50) 



where 



A. Spherical and hyperbolic domain walls 



. , 2M 
L{u,v) :=K^ — 



A 2 
3^ 



(51) 



In this subsection, we study spherical and hyperbolic do- 
main walls in the de Sitter Universe, i.e. K = ±1, M = 0, 
and A > 0. It is convenient to introduce 



However, Eqs. (|49] l and (ISOl l actually are not independent. To 
verify this, one may first differentiate Eq. ( |5Q] l with respect to 
t. Then by using Eqs. (1331 ) and dSOl l. one can show that Eq. 

is impUed by Eq. (gOll if (F + G)|2=o 7^ 0, which is 
assumed in the following discussion. It is interesting to notice 
that when {F - G)|2=o = 0, Eq. ^ yields cro = 0. We then 
obtain an important result that if the domain wall exists, i.e. 
CTo 7^ 0, in the space-time, one cannot choose F{t) = G{t). It 
turns out that Eqs. (|36] |. ( |38] | and ( l42b are not valid choices in 
the domain wall space-time. We shall mention that Eq. ( fSOl l 
cannot uniquely determine the F{v) and G{u), so one still has 
freedom of choosing these two functions. 



J'(w) = j F{v)dv, g{u) = J Giu)du, (52) 



and in the case of K = I, Eq. ( [33T l yields 



B 



- A / 1- coth 



^ tanh 



for B^ > I, 



for < 



(53) 



2 ^ 3_ 
A- 
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It is known that B 



zons ||22ll . Substituting Eq. ( |53] l into Eq. ( fSOl l gives 



corresponds to cosmological hori- domain wall case, the Israel junction condition ( fSOb becomes 



f- 



f- 



4 



cosh 



•| sinli 



3/ 
3"/+ 



for B'^ > 4. 



(54) 



where f+{t) := + g)U=o and := - g)U^o- It 

is clear that f± ~ ■^{F ± G)|2=o- The =F sign corresponds to 
/+ > or < 0, respectively. Eq. ( |54l i indicates that either 
/+ or /_ is given, the other will be determined. 
In the case of A' = —1, a similar calculation yields 



B 



and 



for sec 



tan 



4 



|sm 



A f 



(55) 



(56) 



> 0. We expect that the choices of 

/+ or /_ are related to global properties of space-times and a 
proper choice of /+ or /_ may yield a simpler domain wall 
solution and also avoid coordinate singularities. So far, our 
guiding principle of choosing /+ or is that when (To = 0, 
the domain wall solutions should return to some well-known 
solutions. Here, we present an example of choosing /+ in 
the case of /\ = 1. A more comprehensive study on /+, /_ 
and also global properties of domain-wall space-times will be 
present in our following work. 

In the case of K = 1, the de Sitter metric ( [39] l in Kruskal 
coordinates has been presented in Sec. |III] From Eq. (l38T l, we 

+ ^ 

into Eq. ( |54l i yields 



know that /+ = j^lntfor t > 0, and then substituting /_(. 



1(^ + 1) 



(57) 



where we only consider B^ > j^. We then obtain F and G, 
which are 



3.1 1 

4A V ^ 



Fiv) 



Giu) = V^^i 1 



(v + l) 



+1 



(58) 



(u+l) 



It is clear that when ctq = 0, Eq. ( I58l l returns to Eq. ( 1381 ), and 
the metric should become de Sitter metric in Kruskal coordi- 
nates. 



B. Planar domain walls 

In this subsection, we study planar domain wall in the de 
Sitter Universe, i.e. K — AI — and A > 0. In the planar 



_l_ KtTn / _3_ 

~ ^ 4 V A' 



(59) 



which is much simpler The ± sign corresponds to B > or 
B < 0, respectively. In Sec. Hill we have found the metric 
(l44l i. which is conformally flat. It was obtained by choosing 
F = G = constant. We observe that if F and G are two 
different constants, Eq. i5% can also be satisfied. Therefore 
we consider 



F{v)=F„, G(u) = For 



(60) 



where Fq and F are constants. Since FG > for A > 0, so 
F > 0. If one considers Fq < 0, then by substituting Eq. ( I6OI 1 
into (Bol l yields 



(1 



(61) 



for B being positive or negative. If one further assumes (Jq ^ 
0, which is physically reasonable, Eq. ( |6T1 ) yields that F ^ 1 
for B > 0, and F < 1 for B < 0. The algebraic equation (|6T1 ) 
has two real positive roots, which are 



F = 1 



8A 



8A 



(62) 



so the larger root of F corresponds to the case of i? > 0, and 
the smaller root for B < 0. 

Substituting Eq. into Eqs. (gOll and (|4l]i yields 



B^ -- 



9 



B 



AFoiVu + v-ca)' 

di + dz (g) dz) + AX2 



2 / —F^{-At 
3 °^ 



(63) 
.(64) 



It is interesting to notice that B should take different values 
of F for B > Q and S < 0. So these two domain regions 
may need to be considered separately. Since Fq is an arbitrary 

negative constant, we may choose F^ = 
obtain 



and then 



a 



-d?] (g) di] + dz (E) dz + dX2 



AT 

3 



r-i 



(65) 



for 2 > 0. It is obvious that when F = 1, i.e. cto = 0, the 
metric (l65l l returns to ( l44b . which is the de Sitter Universe. 
Moreover, the metric ( l65l ) is conformally flat, though it has 
z-dependence. According to the reflection symmetry, we then 
obtain the domain-wall solution in de Sitter Universe: 



-dij (g) dr; + dz (g) dz + dX2 



Ar(r+i)' 
12 



(66) 



The metric solution ( |66l ) is important and useful for cosmolo- 
gists to study the domain-wall effects in the early Universe. It 
is worth to mention that the metric (l66b will not return to the 
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planar domain-wall solution obtained in lfT6ll20ll when A = 0, 
since the metric (|66] l outside the domain wall is belong to the 
non-degenerate solution. Moreover, A = will make the met- 
ric ( |66] | become divergent. Finally, we would like point out 
that if one apply the following coordinate transformations: 

X = VTx, y = VTy, 

for z > Q, the metric (65i also returns to ( l44l i. However, in 
this coordinates (fj, z, x, y), the wall's location becomes 

~z = (E^)7?, (68) 

which is moving along z. 

Here, we only consider the spherical, planar, and hyperbolic 
domain-wall space-time with AI = and A > 0. It might 
also be interesting to study more general cases, e.g. M ^ 
and A < 0. Moreover, the global properties of these domain 
wall solutions are important and will be discuss in our next 
work. In particular, the problems of the two-bubbles collision 
in the early Universe exhibit the hyperbolic symm etry on 2- 
dimensional spatial section V2 of space-times jzsl 12611 . so it 
should be important to further investigate on the global prop- 
erties of /\ = —1. 



V. CONCLUSIONS 



In the domain-wall space-times, we assumed that the do- 
main wall E is homogeneous and isotropic in its two space 
dimensions. Since the non-degenerate solutions have freedom 
on choosing null coordinates, we then considered that E is 
placed at z = 0, and the Israel's junction conditions yield one 
constraint equation on F{v) and G{u). The remain freedom 
of choosing F{v) and G{u) is fixed by requiring that when 
surface energy density (Tq of domain walls vanishes, the met- 
ric solutions will return to some well-known solutions. In the 
derivation of Israel's junction conditions, we only assume the 
space-time being reflection-symmetric without putting any re- 
striction on the three parameters. Applying the Israel's junc- 
tion conditions to the case of M = and A > 0, we first dis- 
cuss the cases of K = ±1. It turns out that Israel's junction 
conditions become a first-order ordinary differential equation 
for two arbitrary functions f+{t) and f-{t). An example of 
choosing /+ has been presented. In the case of A' = , we ob- 
tained the planar domain-wall solution, which is conformally 
flat, in the de Sitter Universe. 

We plan to use the solution ( |66] l to study primordial quan- 
tum fluctuation during inflation in the early Universe. Since 
the wall is rest at z = and the planar domain-wall metric is 
conformally flat, the quantum fluctuation of scalar fields may 
be solved exactly. Moreover, the study of global properties of 
the domain wall solutions obtained in this paper is in progress. 
Beside the study of the planar domain walls, it is also interest- 
ing to extend our current investigation to {A/ 7^ 0, A < 0}. 



We have systematically studied exact solutions of vacuum 
Einstein's field equations with A in space-times admitting 
03(2,3). The general solutions are classified into degener- 
ate and non-degenerate solutions. In the degenerate case of 
{K, A} 7^ 0, we did not find any physically interesting solu- 
tions. However, in the case of either A' = or A = 0, the 
degenerate field equations required the other to be vanishing. 
Therefore we obtained the planar symmetric solutions with 
vanishing A, which are equivalent to the class-I solutions of 
lfl6ll . In the non-degenerate case, the general exact solutions 
are obtained in the double null coordinates, and they contain 
three parameters K, M, A, and two arbitrary functions F{v) 
and G{u) due to the freedom of choosing null coordinates. We 
considered non-degenerate vacuum solutions as the domain- 
wall solutions outside the wall. 
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